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Abstract. The aim of this work is to delve into the numerical analysis of viscoplastic-
type non-Newtonian fluid flows with the objective of carrying out more advanced numeri-
cal simulations for them. Specifically, improvements in the spatial discretization schemes
and the temporal integration methods are proposed to overcome the numerical problems
introduced by the transpose diffusive term and associated with the velocity field discon-
tinuity, the artificial viscous diffusion and the transpose viscous coupling.
1 INTRODUCTION
CFD simulations of viscoplastic-type non-Newtonian fluid flows are of special interest
due to the increment of their applications in the biomedical field, among many others. For
example, cardiovascular diseases, such as the stenosis [1, 2] and the aneurysms [3, 4, 5],
begin to be more often analysed by means of these computational techniques. The reason
is that, on the one hand, these computational techniques allow to analyse isolatedly the
fluid dynamics from others factors with which interacts in a non-linear way to jointly
contribute to the disease evolution and, on the other hand, the corresponding numerical
solutions can also complement the standard diagnoses of these diseases with a more ac-
curate quantitative information.
Many researchers have used specific rheological laws together with the generalised New-
tonian model to analyse non-Newtonian fluid flows which exhibit viscoplastic stresses.
Brent C. Bell and Karan S. Surana [6] used a power-type rheological law to analyse the
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flow of some non-Newtonian fluids in different geometrical configurations. K.A. Peri-
cleous [7] studied the fluid flow and the heat transfer in a differentially heated cavity
using a power-type rheological law in order to characterise the pseudoplastic and dilatant
behaviour of certain non-Newtonian fluids. M. Rudman et al. [8, 9] carried out direct
numerical simulations for the turbulent flow of shear-thinning non-Newtonian fluids in a
pipe to understand the turbulence flow of shear-thinning non-Newtonian fluids. M. M.
Molla et al. [10] analysed the characteristics which a LES model should have in order to
be conceptually consistent with the behaviour of certain non-Newtonian fluids, using a
Cross rheological law to describe the behaviour of a specific non-Newtonian fluid.
Nevertheless, from our point of view, too brief numerical analyses of viscoplastic-type
non-Newtonian fluid flows have been provided despite their growing presence in the field
of CFD simulations.
2 MATHEMATICAL FORMULATION
The equations describing the non-Newtonian behaviour of the infinitesimal elements
which form a continuum medium (from a point of view external to them), assuming an
incompressible fluid, are:
∇ · v = 0 (1)
ρ
∂v
∂t
+ ρ∇ · (vv) = −∇p+∇ · (η∇v) +∇ ·
(
η(∇v)T
)
+ ρg (2)
The corresponding matrix form is:
Mvf = 0 (3)
ρc
∂vc
∂t
+ Cvc = −Gpc +Dvc +∇h ·
(
η(∇hv)
T
)
+Bg (4)
Where c ≡ center and f ≡ face. Furthermore ρc ∈ R
3n,3n, vc ∈ R
3n, pc ∈ R
n,
M ∈ Rn,m, G ∈ R3n,n, C ∈ R3n,3n and D ∈ R3n,3n. Here n and m applies for the total
number of control volumes and control faces of the discretised spatial domain, respectively.
Moreover, the equations generating the non-Newtonian behaviour of the infinitesimal
elements which form a continuous medium (from a point of view internal to them) are:
T = −pδ + S where S = 2η (γ˙)D (5)
In the specialised literature this is called the Generalized Newtonian Model.
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3 NUMERICAL ANALYSIS
Improvements on the spatial discretization schemes and the temporal integration meth-
ods are proposed to overcome the numerical problems introduced by the transpose dif-
fusive term and associated with the discontinuous velocity fields, the artificial viscous
dissipation and the transpose viscous coupling.
Concerning the velocity field discontinuity, the discretised transpose diffusive term
should be composed of contiguous values of the collocated discrete variable in order to
reproduce faithfully the non-Newtonian behaviour. Consequently, an expression for the
transpose diffusive term based on the divergence theorem and with the staggered velocity
gradient approached by an arithmetic mean (AM) is proposed:
∇h · (η(∇hv)
T ) =
1
ΩP
(
1
2ΩP
∑
PF
APF
vF
2
)
·
∑
f
ηfAf
+
1
ΩP
∑
f
(
ηf
2ΩF
∑
F2F
AF2F
v2F
2
)
·Af (6)
Moreover, a unique definition for the velocity at the control face is proposed to elimi-
nate the artificial viscous diffusion in the staggered discrete operator.
As for the artificial viscous dissipation, the aforementioned term should be cancelled
when the non-Newtonian viscosity takes the value of the Newtonian viscosity under the hy-
pothesis of incompressible fluid (see Figure 1), this time with the objective of reproducing
accurately the Newtonian behaviour. Accordingly, another expression for the transpose
diffusive term based on the Green’s first identity is proposed:
∇h · (η(∇hv)
T ) =
1
ΩP
[(
1
ΩP
∑
PF
APF
vF
2
)
·
(∑
f
ηf Af
)]
(7)
Furthermore, a specific evaluation for the non-Newtonian viscosity at the control face
is proposed to avoid the velocity field discontinuity in the collocated discrete operator.
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Figure 1: Transpose diffusion
Regarding the transpose viscous coupling, the transpose diffusive term has been anal-
ysed in the field of the temporal integration methods in order to deal with the numerical
difficulty that entail the participation of the transversal velocity components in the mo-
mentum equation through this term.
(ρv)n∗+1c − (ρv)
n
c
∆t
= −C(vn∗+1f )v
n∗+1
c +Dv
n∗+1
c +D
Tvn∗+1c −Gp
n
c (8)
For the viscoplastic-type non-Newtonian fluid flows with a permanent regime and a
steady state, the implicit projection method with a special treatment for the pressure
term (IPM2) has turned out to be robust and accurate while presents an efficiency that
appears to be much closer to the optimum than in the others analysed methods, see
Figures 2 and 3. The temporal discretization scheme of the pressure term seems to be
the key aspect for the aforementioned method.
(ρv˜)n∗+1c − (ρv)
n∗+1
c
∆t
=
1
2
Gpnc
(ρv)n+1c − (ρv˜)
n∗+1
c
∆t
= −
1
2
Gpn+1c (9)
(ρv)n+1c − (ρv)
n∗+1
c
∆t
= −
1
2
∆tG
(
pn+1c − p
n
c
∆t
)
(10)
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Figure 2: Convergence history; Correction vs Projection Step
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Figure 3: Temporal evolution; Correction vs Projection Step
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4 CONCLUSIONS
In order to overcome the numerical problems that seem to remain in the spatial discrete
operators, a solution for each scheme has been proposed in this work. Concretely, a unique
definition for the velocity at the control face to eliminate the artificial viscous diffusion
in the staggered discrete operator (SO) and a specific evaluation for the non-Newtonian
viscosity at the control face to avoid the velocity field discontinuity in the collocated
discrete operator (CO). Regarding the transpose viscous coupling, for the viscoplastic-
type non-Newtonian fluid flows with a permanent regime and a steady state, the implicit
projection method with a special treatment for the pressure (IPM2) has turned out to be
robust and accurate while presents an efficiency that appears to be much closer to the
optimum than in the others analysed methods.
To confirm and extend the current results are part of our current and future research
plans.
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